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Odd extensions of transitive groups
via symmetric graphs
Klavdija Kutnar Dragan Marusˇicˇ
Abstract
When dealing with symmetry properties of mathematical objects, one of the fun-
damental questions is to determine their full automorphism group. In this paper this
question is considered in the context of even/odd permutations dichotomy. More pre-
cisely: when is it that existence of automorphisms acting as even permutations on the
vertex set of a graph, called even automorphisms, forces existence of automorphisms
that act as odd permutations, called odd automorphisms. As a first step towards resolv-
ing the above question, a complete information on existence of odd automorphisms
in cubic symmetric graphs is given.
Keywords. automorphism group, arc-transitive, even permutation, odd permutation,
cubic symmetric graph
1 Introductory remarks
Finding the full automorphism group is one of the fundamental objectives when deal-
ing with symmetry properties of mathematical objects, such as for example vertex-transitive
graphs, see [2, 3, 13, 16, 26, 28]. Many of these objects naturally display certain inher-
ently obvious symmetries. It is often the case, however, that certain additional symmetries,
though hidden or difficult to grasp, are present. The goal is to find a reason for their ex-
istence and a method for describing them. Along these lines the above question reads as
follows: Given a (transitive) group H acting on the set of vertices of a graph, determine
whether H is its full automorphism group or not. When the answer is no, find a method
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to describe the additional automorphisms. In other words, decide whether the group H
imbeds into a larger group G preserving the structure of the graph in question.
In this paper such group “extensions” are considered by studying the existence of
automorphisms that act as odd permutations on the vertex set of a graph. Such an auto-
morphism will be referred to as odd automorphism. Analogously, an automorphism acting
as an even permutation on the vertex set will be referred to as an even automorphism.
The implications are more far-reaching than one would expect from the simplicity of
the concept of even and odd automorphisms alone. Some arguments supporting this claim
are given in the paragraphs following formulation of Problems 1.1 and 1.2. For example,
when H consists of even automorphisms only, a partial answer to the above question
could be given provided the structure of the graph in question forces existence of odd
automorphisms. We propose the following problem.
Problem 1.1. Which vertex-transitive graphs admit odd automorphisms?
It is convenient to consider Problem 1.1 in the framework of orbital (di)graphs of
transitive groups. Namely, isomorphism classes of vertex-transitive (di)graphs are in a
one-to-one correspondence with orbital (di)graphs of transitive group actions, as seen
below. A transitive group H acting on a set V induces an action of H on V × V - the
corresponding orbits are called orbitals of H on V . Given a union O of orbitals not
containing the diagonal orbital D = {(v, v) | v ∈ V }, the orbital (di)graph X(H,O) of
H on V with respect toO has vertex set V and edge setO. Clearly, H ≤ Aut(X(H,O)).
If O consists of a single orbital the orbital (di)graph X(H,O) is said to be basic. The
problem below is a somewhat restricted reformulation of Problem 1.1.
Problem 1.2. Given a transitive group H , possibly consisting of even permutations only,
is there a basic orbital (di)graph of H admitting an odd automorphism?
Transitive groups for which the answer to Problem 1.2 is positive are referred to as
orbital-odd. Not all transitive groups consisting solely of even permutations admit orbital-
odd imbeddings. For example, the groupPSL(2, 17) acting transitively on the set of cosets
of S4 ≤ PSL(2, 17) consists of even permutations only, and is isomorphic to the full
automorphism group of every basic orbital (di)graph associated with this action. Hence,
PSL(2, 17) ≤ S28 is not orbital-odd. On the other hand, the alternating group A5 acting
transitively on the set of cosets of S3 ≤ A5 (which also consists of even permutations
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only) is orbital-odd. Namely, the full automorphism group of its two basic orbital graphs -
the Petersen graph and its complement - contains odd automorphisms (and is isomorphic
to the symmetric group S5). More generally, as observed in [20], every vertex-transitive
graph of order twice a prime admits an odd automorphism, and hence every transitive
group of degree twice a prime is orbital-odd. An essential ingredient in the proof of this
result is the fact that the above actions of A5 and S5 are the only simply primitive groups
of degree twice a prime – a direct consequence of the classification of finite simple groups
(CFSG). It would be of interest to obtain a CFSG-free proof of the fact that every vertex-
transitive graph of order twice a prime admits an odd automorphism. Combining this
together with a classical Wielandt’s result on simply primitive groups of degree twice a
prime being of rank 3 (see [32]) – currently the best available CFSG-free information
on such groups – one would move a step closer to obtaining a CFSG-free proof of non-
existence of simply primitive groups of degree 2p, p 6= 5 a prime (see also [22, 23, 24,
30]).
Observe that, if a graph has an odd automorphism then it must have an odd auto-
morphism whose order is a power of 2. In fact, an odd automorphism exists if and only
if there is one in a Sylow 2-subgroup of the automorphism group, as observed in [19].
Consequently, for some classes of graphs the existence of odd automorphisms is easy to
determine. For instance, in Cayley graphs the corresponding regular group contains odd
permutations if and only if its Sylow 2-subgroup is cyclic. When a Sylow 2-subgroup is
not cyclic, the search for odd automorphisms has to be done outside the regular group,
raising the complexity of the problem.
Studying “extensions” via odd automorphisms is also essential in obtaining new ap-
proaches for solving certain long-standing open problems in algebraic graph theory. For
example, in the semiregularity problem [6, 29], which asks for the existence of semireg-
ular automorphisms in vertex-transitive (di)graph, knowing that the graph admits odd
automorphisms would be helpful in the case when the underlying transitive group H
consisting of even automorphisms is elusive (that is, without semiregular elements). One
could therefore hope for the existence of semiregular automorphisms in the odd part of the
“extension”. For example, the group AGL(2, 9) acting on the set of 12 lines of the affine
plane AG(2, 3) is elusive and consists of even permutations only. Its 2-closure, however,
contains semiregular as well as odd permutations, in fact it contains an odd semiregular
permutation of order 4.
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Further, in the hamiltonicity problem [27] as well as in the snark problem for cu-
bic Cayley graphs [1], important progress was recently obtained by combining algebraic
methods with the theory of regular maps on surfaces [14, 15, 18]. Knowing the graphs
admit odd automorphisms will most likely be helpful in our quest to solve the remaining
open cases.
Our ultimate goal is to build a theory that will allow us to decide whether a given
graph, admitting a transitive group action, does or does not have odd automorphisms.
In this respect the first step in our strategy consists in finding necessary and sufficient
conditions for the existence of odd automorphisms for as large as possible class of graphs,
admitting a transitive action of a group, with certain suitably imposed constraints. It is
natural to expect that the solution to the question of existence of odd automorphisms will
have some degree of arithmetic flavor. As may be suggested by the results of this paper
this is true, but only up to a certain extent.
In approaching Problems 1.1 and 1.2 in a systematic manner it seems natural to start
with the analysis of vertex-transitive graphs of smallest possible (non-trivial) valency 3.
Such graphs fall into three classes: graphical regular representations of groups, vertex-
transitive graphs with two edge orbits, and symmetric graphs. As already mentioned,
graphs in the class of (cubic) graphical regular representations of groups admit odd auto-
morphisms if and only if Sylow 2-subgroups of their automorphism groups are cyclic. Cu-
bic vertex-transitive graphs with two edge orbits (together with the corresponding tetrava-
lent locally imprimitive symmetric graphs) will be considered in a separate paper.
In this paper we give a complete solution to Problem 1.1 for cubic symmetric graphs.
(As a consequence a partial solution to Problem 1.2 is obtained.) This class of graphs was
first studied by Foster [21] and has been the source of motivation for various research
directions in algebraic graph theory. In Foster census [5], a list of such graphs of order up
to 512was produced. With the availability of advanced computational tools [4] the list was
recently expanded to graphs of order up to 10.000, see [7, 8]. Many well-known graphs are
cubic symmetric graphs, arising in connection with certain open problems in graph theory
(such as the hamiltonicity problem [27]), and more generally as an important concept
in other areas of mathematics (such as finite geometry [17]). For example, the Petersen
graph F010A and the Coxeter graph F028A are the only known symmetric graphs of
order greater than 2 without a Hamilton cycle. Next, all bipartite cubic symmetric graphs
of girth at least 6 are Levi graphs of (n3) configurations. For example, the Heawood graph
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F014A, the Moebius-Kantor graph F016A, the Pappus graph F018A and the Desargues
graph F020B are Levi graphs of (73), (83), (93) and (103) configurations, respectively.
(Hereafter the notation FnA, FnB, etc. will refer to the corresponding graphs in the Foster
census [5, 8].) There are 17 possible types of cubic symmetric graphs (see Table 3 in
Subsection 2.2), and the existence of odd automorphisms depends on these types and
orders of graphs in question.
Results of this paper do imply that the solution to Problem 1.1 is to some degree
arithmetic. However, some special cases sprouting out in the solution for cubic symmet-
ric graphs suggest that the even/odd question is likely to uncover certain more complex
structural properties of graphs (and combinatorial objects in general), that go beyond sim-
ple arithmetic conditions.
The following is the main result of this paper.
Theorem 1.3. LetX be a cubic symmetric graph of order 2n. In Table 1 a full information
on existence of odd automorphisms in X is given. In particular, the following statements
hold:
(i) IfX is of type {1}, {1, 21, 22, 3}, {21, 22, 3}, {21, 3}, {22, 3}, {1, 41}, {42}, {1, 41, 42, 5}
or {41, 42, 5} then it has odd automorphisms if and only if n is odd.
(ii) If X is of type {21}, {3}, {41} or {5} then it has odd automorphisms if and only if
n is odd and X is bipartite.
(iii) If X is of type {1, 21} then it has odd automorphism if and only if either n is odd,
or n = 2k−1(2t+ 1), k ≥ 2 and X is a (2t+ 1)-Cayley graph on a cyclic group of
order 2k.
(iv) If X is of type {22}, {41, 5} or {42, 5} then it has no odd automorphisms.
As a direct consequence of Theorem 1.3 we have the following corollary about tran-
sitive groups with a self-paired suborbit of length 3.
Corollary 1.4. Let H be a transitive group with a suborbit of length 3 giving rise to an
orbital graph satisfying conditions for the existence of odd automorphisms from Table 1.
Then H is orbital-odd.
The paper is organized as follows. In Section 2 notation and terminology is introduced
and certain results on cubic symmetric graphs, essential to the strategy of the proof of
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Table 1: Existence of odd automorphisms in a cubic symmetric graph X of order 2n.
Type Odd automorphisms exist if and only if Comments
{1} n odd Prop. 4.1
{1, 21} n odd, or n = 2k−1(2t+ 1) and X is a (2t+1)-Cayley Prop. 4.6 and 4.8
graph on a cyclic group of order 2k, where k ≥ 2
{21} n odd and X bipartite Prop. 4.5
{22} never Prop. 4.2
{1, 21, 22, 3} n odd Prop. 4.9
{21, 22, 3} n odd Prop. 4.9
{21, 3} n odd Prop. 4.9
{22, 3} n odd Prop. 4.9
{3} n odd and X bipartite Prop. 4.5
{1, 41} n odd Prop. 4.5
{41} n odd and X bipartite Prop. 4.5
{42} n odd Prop. 4.3
{1, 41, 42, 5} n odd Prop. 4.10
{41, 42, 5} n odd Prop. 4.10
{41, 5} never Prop. 4.10
{42, 5} never Prop. 4.10
{5} n odd and X bipartite Prop. 4.5
Theorem 1.3, are gathered. In Section 3 the concept of rigid subgraphs and rigid cells
are introduced which will prove useful in the study of the even/odd question for cubic
symmetric graphs. In Section 4 the proof of Theorem 1.3 is given following a series of
propositions in which the 17 particular types of cubic symmetric graphs are considered.
2 Preliminaries
2.1 Notation
Throughout this paper graphs are finite, simple, undirected and connected, unless
specified otherwise. Given a graph X we let V (X), E(X), A(X) and Aut(X) be the
vertex set, the edge set, the arc set and the automorphism group of X , respectively. For
adjacent vertices u and v in X , we denote the corresponding edge by uv. If u ∈ V (X)
then N(u) denotes the set of neighbors of u and N i(u) denotes the set of vertices at
distance i > 1 from u. A graph X is said to be cubic if |N(u)| = 3 for every vertex
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u ∈ V (X). A sequence (u0, u1, u2, . . . , us) of distinct vertices in a graph is called an
s-arc if ui is adjacent to ui+1 for every i ∈ {0, 1, . . . , s−1}. For S ⊆ V (X) we let X[S]
denote the induced subgraph of X on S. For a partitionW of V (X), we let XW be the
associated quotient graph of X relative to W , that is, the graph with vertex set W and
edge set induced by the edge set E(X) in a natural way. When W consists of orbits of
a subgroup H of Aut(X) we denote XW by XH , and by Xa when H = 〈a〉 is a cyclic
group generated by an automorphism a.
A subgroup G ≤ Aut(X) is said to be vertex-transitive, edge-transitive and arc-
transitive provided it acts transitively on the sets of vertices, edges and arcs of X , re-
spectively. A graph is said to be vertex-transitive, edge-transitive, and arc-transitive if its
automorphism group is vertex-transitive, edge-transitive and arc-transitive, respectively.
An arc-transitive graph is also called symmetric. A subgroup G ≤ AutX is said to be
s-regular if it acts transitively on the set of s-arcs and the stabilizer of an s-arc in G is
trivial.
A quasi-dihedral groupQD2n (sometimes also called a semi-dihedral group) is a non-
abelian group of order 2n with a presentation 〈r, s | r2n−1 = s2 = 1, srs = r2n−2−1〉.
To end this subsection let us recall that if a transitive permutation group G on a set
V contains an odd permutation then the intersection G ∩ Alt(V ) of G with the alternat-
ing group Alt(V ) on V is its index 2 subgroup. This will be used in several places in
subsequent sections.
2.2 Cubic symmetric graphs
In [31] Tutte proved that every finite cubic symmetric graph is s-regular for some
s ≤ 5. A further deeper insight into the structure cubic symmetric graphs is due to
Djokovic´ and Miller [12] who proved that a vertex stabilizer in an s-regular subgroup
of automorphisms of a cubic symmetric graph is isomorphic to Z3, S3, S3 × Z2, S4, or
S4 × Z2 depending on whether s = 1, 2, 3, 4 or 5, respectively. Consequently, the auto-
morphism group of a cubic symmetric graph of order n is of order 3 ·2s−1n. Djokovic´ and
Miller [12] also proved that for s ∈ {1, 3, 5} there is just one possibility for edge stabiliz-
ers, while there exists two possibilities for s ∈ {2, 4}, see Table 2. In particular, for s = 2
the edge stabilizer is either isomorphic to Z2×Z2 or Z4, and for s = 4 the edge stabilizer
is either isomorphic to the dihedral group D16 of order 16 or to the quasi-dihedral group
QD16 of order 16.
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Table 2: The list of all possible pairs of vertex and edge stabilizers in cubic s-regular
graphs.
s Aut(X)v Aut(X)e
1 Z3 id
2 S3 Z22 or Z4
3 S3 × Z2 D8
4 S4 D16 or QD16
5 S4 × Z2 (D8 × Z2)o Z2
The automorphism group of any finite symmetric cubic graph is an epimorphic image
of one of the following seven groups:
G1 = 〈h, a | h3 = a2 = 1〉, (2.1)
G12 = 〈h, a, p | h3 = a2 = p2 = 1, apa = p, php = h−1〉, (2.2)
G22 = 〈h, a, p | h3 = p2 = 1, a2 = p, php = h−1〉, (2.3)
G3 = 〈h, a, p, q | h3 = a2 = p2 = q2 = 1, apa = q, qp = pq, ph = hp, qhq = h−1〉,(2.4)
G14 = 〈h, a, p, q, r | h3 = a2 = p2 = q2 = r2 = 1, apa = p, aqa = r, h−1ph = q, (2.5)
h−1qh = pq, rhr = h−1, pq = qp, pr = rp, rq = pqr〉,
G24 = 〈h, a, p, q, r | h3 = p2 = q2 = r2 = 1, a2 = p, a−1qa = r, h−1ph = q, (2.6)
h−1qh = pq, rhr = h−1, pq = qp, pr = rp, rq = pqr〉,
G5 = 〈h, a, p, q, r, s | h3 = a2 = p2 = q2 = r2 = s2 = 1, apa = q, ara = s, (2.7)
h−1ph = p, h−1qh = r, h−1rh = pqr, shs = h−1, pq = qp, pr = rp, ps = sp,
qr = rq, qs = sq, sr = pqrs〉.
This implies that an arc-transitive subgroup of a cubic symmetric graph is a quotient
of one of these seven groups by some normal torsion-free subgroup. In particular, an s-
regular subgroup of automorphisms of a cubic symmetric graph is a quotient group of a
group Gs, if s ∈ {1, 3, 5}, and of a group Gis, i ∈ {1, 2}, if s ∈ {2, 4}. Moreover, in [10]
a complete characterization of admissible types of cubic symmetric graphs according to
the structure of arc-transitive subgroups is given. For example, a cubic symmetric graph
X is said to be of type {1, 21, 22, 3} if its automorphism group is 3-regular, admitting
two 2-regular subgroups, of which one is a quotient of the group G12 and one of G
2
2, and
admitting also a 1-regular subgroup. All possible types are summarized in Table 3 (for
details see [10]).
Finally, in Section 4 the following result about the girth of cubic symmetric graphs of
types {22} and {42}, extracted from [9, Theorems 2.1 – 2.2] will be needed. (The girth
of a graph is the length of a shortest cycle contained in the graph.)
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Table 3: All possible types of cubic symmetric graphs.
s Type Bipartite? s Type Bipartite? s Type Bipartite?
1 {1} Sometimes 3 {21, 3} Never 5 {1, 41, 42, 5} Always
2 {1, 21} Sometimes 3 {22, 3} Never 5 {41, 42, 5} Always
2 {21} Sometimes 3 {3} Sometimes 5 {41, 5} Never
2 {22} Sometimes 4 {1, 41} Always 5 {42, 5} Never
3 {1, 21, 22, 3} Always 4 {41} Sometimes 5 {5} Sometimes
3 {21, 22, 3} Always 4 {42} Sometimes
Proposition 2.1. A cubic symmetric graph, which is either of type {22} or {42}, has girth
greater than 9.
3 Rigid cells
Given a graphX and an automorphism α ofX let Fix(α) denote the set of all vertices
of X fixed by α. With the assumption that Fix(α) 6= ∅ we call the subgraph X[Fix(α)]
induced on Fix(α) the rigid subgraph of α or, in short, the α-rigid subgraph. Every
component of X[Fix(α)] is referred to as an α-rigid cell.
This concept will prove useful in the study of the “even/odd question” for cubic sym-
metric graphs. For this purpose let us fix some notation and terminology. We will use the
terms I-tree, H-tree, Y -tree, A-tree and B-tree for the graphs given in Figure 1 below.
More precisely, we will denote these graphs by I(u, v), H(u, v), Y (v), A(v) and B(v),
respectively.
Let X be a cubic graph of girth greater than or equal to 5. For a vertex v in V (X)
let N(v) = {v1, v2, v3} be the set of neighbors of v, and let N2(v) = {v11, v12} ∪
{v21, v22} ∪ {v31, v32} be the second neighborhood of v, where N(vi) = {v, vi1, vi2},
i ∈ {1, 2, 3}. Similarly, for an edge uv of X let v1 and v2 be the remaining two neighbors
of v, and let u1 and u2 be the remaining two neighbors of u. For a vertex v of X we
therefore have Y (v) = X[{v} ∪N(v)], A(v) = X[{v} ∪N(v) ∪N2(v)] and B(v)i =
X[{v}∪N(v)∪N2(v)\{vi1, vi2}], where i ∈ {1, 2, 3}. For short, we will use the notation
B(v) for any of the treesB(v)1,B(v)2 andB(v)3 (and call it aB-tree). Similarly, for two
adjacent vertices u and v of X we have I(u, v) = X[{u, v}] and H(u, v) = X[N(u) ∪
N(v)]. Note that H(u, v) = Y (u) ∪ Y (v).
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Figure 1: I-tree, H-tree, Y -tree, A-tree and three B-trees.
We will now restrict ourselves to cubic symmetric graphs. The structure of vertex
stabilizers in cubic symmetric graphs implies that only automorphisms of order 2, 3, 4 and
6 can fix a vertex (see Section 2.2). In the propositions below all possible rigid cells for
such automorphisms are listed. (The exclusion of Y -trees as rigid cells for automorphisms
of order 4 is proved in Proposition 3.6 and uses Proposition 3.5.) For convenience we let
I(X) ⊆ Aut(X) denote the set of all involutions of a cubic symmetric graph X which
fix some vertex of X , and we let S(X) ⊆ Aut(X) denote the set of all semiregular
involutions of X .
Proposition 3.1. Let X be a cubic symmetric graph and let α ∈ Aut(X) be an automor-
phism of X fixing a vertex.
(i) If α is of order 3 or 6 then the only α-rigid cells are isolated vertices.
(ii) If α is of order 4 then the only possible α-rigid cells are I-trees and Y -trees.
Proof. The proof of part (i) is straightforward and is omitted. As for part (ii), if anH-tree,
a B-tree or an A-tree was a rigid cell of an automorphism of order 4 then the square of
this automorphism (a non-identity element) would fix a path of length greater than 4.
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Given a cubic s-regular graph X , s ≥ 2, we call an involution σ ∈ Aut(X) canonical
with respect to a pair of adjacent vertices u and v ofX if it fixes the tree I(u, v) for s = 2
and if it fixes the tree H(u, v) for s = 4. Similarly, we call it canonical with respect to a
vertex v of X if it fixes the tree Y (u) for s = 3 and if it fixes the tree A(v) for s = 5.
The next four propositions give a full information on rigid cells of involutions. The
proof of the first of these propositions is straightforward and is omitted.
Proposition 3.2. Let X be a cubic s-regular graph, s ∈ {1, 2} and let α ∈ Aut(X) be an
involution. Then the following statements hold:
(i) If s = 1 then Fix(α) = ∅, that is, α is semiregular.
(ii) If s = 2 then the only possible α-rigid cells are I-trees.
Proposition 3.3. LetX be a cubic 3-regular graph and letα ∈ I(X) be a non-semiregular
involution of X . Then the possible α-rigid cells are I-trees and Y -trees, with both types
of cells possibly occurring simultaneously only when the graph X is of type {3}.
Proof. Assume that X is not of type {3}. Then Aut(X) contains a 2-regular subgroup
K ≤ Aut(X) (of index 2). Because of 3-regularity of X given any vertex v ∈ V (X)
there exists a canonical involution σv fixing the tree Y (v) point-wise. We now show that
the only rigid cell of canonical involutions are Y -trees.
Suppose, on the contrary, that there exists a canonical involution α ∈ Aut(X) \ K
with both the I-tree and the Y -tree as rigid cells of X[Fix(α)]. Then there exist a vertex
v ∈ V (X) and adjacent vertices u,w ∈ V (X) such that Y (v) and I(u,w) are rigid cells
of α. Clearly, there also exists an involution β ∈ K whose action on Y (u) ∪ Y (w) =
H(u,w) coincides with the action of α. It follows that the product αβ acts trivially on
H(u,w), thus fixing a path of length 3. ButX is 3-regular, and so αβ = 1. Consequently,
α = β ∈ K, a contradiction.
Proposition 3.4. LetX be a cubic 4-regular graph and letα ∈ I(X) be a non-semiregular
involution of X . Then the only possible α-rigid cells are H-trees.
Proof. Note that theoretically the possible rigid cells are the I-tree, the Y -tree and the
H-tree. We now show that the first two possibilities cannot occur. Let u and v be adjacent
vertices of X . Because of 4-regularity of X there exists an involution α′ ∈ Aut(X) with
H(u, v) as its rigid cell.
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Suppose that there exists an involution β with Y -tree as a rigid cell. Since vertex
stabilizers are conjugate subgroups there exists a conjugate β′ of β with Y (v) as a rigid
cell. Obviously, β′ is different from α′ since they have different rigid cells containing v.
But since α′ and β′ both interchange the remaining two neighbors v11 and v12 of v1 and
the remaining two neighbors v21 and v22 of v2 it follows that α′β′ fixes point-wise the B-
treeB(v), and thus a path of length 4. Since s = 4 it follows that α′ = β′, a contradiction.
Therefore no involution can have the Y -tree as a rigid cell.
Suppose now that there exists an involution γ with I-tree as a rigid cell. Then a conju-
gate γ′ of γ has I(v, v1) as a rigid cell. Obviously, γ′ is different from α′ since they have
different rigid cells containing v and v1. Observe that α′ and γ′ both interchange the re-
maining neighbors of v11 and v12. The actions of α′ and γ′ on these remaining neighbors
of v11 and v12 are either different or identical. In the first case, Y (v1) is a rigid cell of
α′γ′. By previous paragraph (α′γ′)2 6= 1, and moreover it fixes a path of length greater
than or equal to 4, which is not possible in a 4-regular graph. This completes the proof of
Proposition 3.4.
Proposition 3.5. LetX be a cubic 5-regular graph and letα ∈ I(X) be a non-semiregular
involution of X . Then the only possible α-rigid cells are H-trees and A-trees, with both
types of cells possibly occurring simultaneously only when the graph X is of type {5}.
Proof. The stabilizer Aut(X)v of a vertex v ∈ V (X) is isomorphic to S4×Z2. Hence the
center of Aut(X)v is isomorphic to Z2, and moreover there are precisely 19 involutions
in Aut(X)v . Because of 5-regularity of X there exists an involution α′ in Aut(X)v with
either A(v) or B(v) as a rigid cell.
In what follows we essentially translate (into our language) the arguments from [11,
Lemma 1] where it is shown that the central involution in Aut(X)v has A(v) as a rigid
cell. Suppose that α′ has a B-tree B(v) as a rigid cell. Then for conjugacy reasons there
exist involutions α1, α2 and α3 in Aut(X)v whose respective restrictions to A(v) are:
(v11 v12), (v21 v22) and (v31 v32). Their products α1α2, α1α3, α2α3 and α1α2α3 are also
involutions in Aut(X)v , and so the stabilizer of the 2-arc (vi, v, vj), where i, j ∈ {1, 2, 3}
and i 6= j, is an elementary abelian group Z32. Since X is 5-regular, stabilizers of 2-arcs
in X are conjugate subgroups, and so the stabilizer of any 2-arc in X is isomorphic to
Z32. Let β ∈ Aut(X)v ∩ Aut(X)v11 be such that β(v2) = v3 and β(v22) = v31. (Because
of 5-regularity such an element clearly exists.) Then βα2(v21) = β(v22) = v31 and
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α2β(v21) = α2(v32) = v32, implying that α2β 6= βα2. But this is a contradiction since
α2 and β both belong to the stabilizer of the 2-arc (v, v1, v11), which is an abelian group.
This shows that the B-tree cannot occur as a rigid cell in X . Moreover, α′ has the whole
of A(v) as a rigid cell. In other words, α′ is the canonical involution for v. This means
that α′ is in the kernel of the restriction of Aut(X)v to A(v). Let us also remark that the
restrictions of involutions in Aut(X)v to N2(v) are (v11 v12)(v21 v22), (v11 v12)(v31 v32)
and (v21 v22)(v31 v32).
Next, we show that the Y -tree cannot be a rigid cell. Assume on the contrary that
there exists an involution σ with the Y -tree as a rigid cell. Then there is an involution σ′
(a conjugate of σ) whose rigid cell is Y (v1). Obviously, σ′ is different from α′ since they
have different rigid cells containing v. But then α′σ′ either fixes a path of length 5 or it
has B(v1) as a rigid cell. If the first possibility occurs then α′ = σ′, contradicting our
assumption on σ′. If the second possibility occurs then a non-identity element α′σ′ has
the B-tree as a rigid cell. But this is not possible by Proposition 3.1 if α′σ′ is of order 4,
and by the argument in the previous paragraph if α′σ′ is an involution.
We now show that the I-tree cannot be a rigid cell. Assume on the contrary that there
exists an involution γ with the I-tree as a rigid cell. Then there is an involution γ′ (a
conjugate of γ) whose rigid cell is I(v1, v11). Obviously, γ′ is different from α′ since
they have different rigid cells containing v1. But then it can be shown that α′γ′ either has
Y (v11) or B(v11) as a rigid cell or it fixes a path of length greater than 4. Each of these
cases leads to a contradiction by the previous arguments with the exception of the case
where α′γ′ is of order 4 and has Y (v11) as a rigid cell. There exists a conjugate δ of α′γ′
with Y (v1) as a rigid cell. But then δα′ either has B(v1) as a rigid cell or it fixes a path
of length greater than 4. Both possibilities clearly lead to a contradiction. This shows that
the only possible rigid cells in X are H-trees and A-trees.
To finish the proof assume that X is not of type {5}. Then Aut(X) contains a 4-
regular subgroup K (of index 2). Because of 5-regularity of X it is clear that A-trees
occur as rigid cells of non-semiregular involutions in Aut(X) \K. In order to prove that
all rigid cells of such involutions are A-trees suppose, on the contrary, that an involution
α ∈ Aut(X) \ K has both the H-tree and the A-tree as rigid cells of X[Fix(α)]. Then
there exist a vertex v ∈ V (X) and adjacent vertices u,w ∈ V (X) such that A(v) and
H(u,w) are rigid cells of α. Clearly, there also exists an involution β ∈ K whose action
on H(u,w) coincides with the action of α. It follows that the product αβ fixes a path
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of length greater than 4. But then αβ = 1, and so α = β ∈ K, a contradiction. This
completes the proof of Proposition 3.5.
As an almost immediate consequence of Proposition 3.5 we can now determine rigid
cells of automorphisms of order 4.
Proposition 3.6. LetX be a cubic s-regular graph and α an automorphism ofX of order
4 fixing a vertex. Then the only possible α-rigid cells are the I-trees.
Proof. The assumption on the existence of an automorphism α of order 4 fixing a vertex
implies that either s = 4 or s = 5 (see Table 2). By Proposition 3.1 the only possible
candidates for α-rigid cells are I-trees and Y -trees.
Suppose that α has a rigid cell isomorphic to a Y -tree. Then α2 has a rigid cell
isomorphic to an A-tree, and thus X is 5-regular. Let v ∈ V (X) with neighbors v1,
v2 and v3. By assumption there exists a conjugate α′ of α such that Y (v1) is an α′-
rigid cell. Let β ∈ Aut(X)v be the canonical involution of v. It follows that the B-tree
B(v1) = X[{v1} ∪ N(v1) ∪ N2(v1) \ {v2, v3}] is contained in a rigid cell of a non-
identity automorphism βα′ ∈ Aut(X)v . Clearly this rigid cell does not contain v2 and v3,
and so it is either a B-tree or a rigid cell containing a path of length greater than 4. Both
possibilities lead to a contradiction. We conclude that the only possible α-rigid cells are
I-trees.
4 Proof of Theorem 1.3
The proof of Theorem 1.3 is carried out through a series of propositions (Proposi-
tions 4.1 –4.10), each dealing with particular types of cubic symmetric graphs. The first
of these propositions gives the proof of Theorem 1.3 for cubic symmetric graphs of type
{1}. In fact it is a slightly more general for it gives a necessary and sufficient conditions
on existence of odd automorphisms in any cubic symmetric graph admitting a 1-regular
subgroup in its automorphism group.
Proposition 4.1. Let X be a cubic symmetric graph of order 2n admitting a 1-regular
subgroup G ≤ Aut(X). Then there exists an odd automorphism of X in G if and only if
n is odd.
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Proof. Let v ∈ V (X). By (2.1) the group G is generated by Gv = 〈h〉 ∼= Z3, v ∈ V (X),
and an involution a interchanging two adjacent vertices. Automorphisms in the vertex
stabilizer Gv ∼= Z3 are all even automorphisms as they are of odd order. Hence we can
conclude that G admits odd automorphisms if and only if a is an odd automorphism.
Since a is semiregular the result follows.
The next three propositions give the answer regarding existence of odd automorphisms
in cubic s-regular graphs, s ≥ 2, having no (s − 1)-regular subgroup of automorphisms.
The first proposition in the series shows that all automorphisms of cubic symmetric graphs
of type {22} are even.
Proposition 4.2. Let X be a cubic symmetric graph of order 2n of type {22}. Then X
has no odd automorphisms.
Proof. First, we note that, by Proposition 2.1,
X is of girth greater than 9. (4.1)
Suppose first that X is not bipartite. Then it must have only even automorphisms for
otherwise there would be an intransitive index 2 subgroup of even automorphisms in
Aut(X) given rise to a bipartition of X . We may therefore assume that X is bipartite.
By (2.3) the automorphism group Aut(X) is generated by an automorphism h of order 3
and an edge reversing automorphism a of order 4. Since h is of odd order it is an even
permutation. To complete the proof we need to show that a is an even permutation too.
Consider the orbits of 〈a〉: they are either of length 2 or 4. Orbits of 〈a〉 of length 2
are of two types: those with an inner edge (we refer to them as orbits of type 1) and those
with no inner edge (we refer to them as orbits of type 2). Finally, orbits of 〈a〉 of length
4 will be referred to as orbits of type 3. Let us remark that orbits of type 3 have no inner
edges because such an edge would either give rise to a 4-cycle in X (contradicting (4.1))
or would give rise to an edge flipped by the involution a2, which is not possible in cubic
symmetric graphs of type {22}. Observe that the numbers of orbits of type 1 and type 2
are of the same parity when the bipartition sets are of even cardinality (that is, for n even),
and are of different parity when the bipartition sets are of odd cardinality (that is, for n
odd).
Let us now consider the quotient graph Xa of X with respect to the set of orbits of
〈a〉. A type 1 orbit in Xa cannot be adjacent to another type 1 orbit, for this would give
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a cycle of length 4 in X , contradicting (4.1). Further, a type 1 orbit cannot be adjacent to
two type 2 orbits, for this would imply that the involution a2 has a rigid cell containing
the H-tree as a subgraph, which, by Proposition 3.2, is impossible in a 2-regular graph.
The only remaining possibility therefore is that an orbit of type 1 is adjacent to an orbit
of type 3. In other words, each orbit of type 1 is paired off with an orbit of type 3.
We now turn to orbits of type 2. Such an orbit cannot be adjacent to three other orbits
of type 2, for otherwise the involution a2 would have a Y -tree as a rigid cell, contradicting
Proposition 3.2. The only remaining possibility is that an orbit of type 2 is adjacent to an
orbit O of type 3 and another orbit of type 2, the latter being adjacent also to an orbit of
type 3 which has to be different from O in view of (4.1). In conclusion, orbits of type 2
come in pairs, implying that
the number of orbits of type 2 is even. (4.2)
Moreover, each such pair of orbits of type 2 has two neighbors in Xa, namely a pair of
orbits of type 3.
We now consider orbits of type 3. Recall that they have no inner edges. Further, by
(4.1) two adjacent orbits of type 3 must be joined by a single matching. We conclude that
in Xa an orbit of type 3 is either adjacent to three orbits of type 3 or to two orbits of type
3 and an orbit of length 2 (either of type 1 or of type 2). It follows that there are only five
possible local adjacency structures of orbits in Xa, those shown in Figure 2.
?
?
?
? ?
?
?
? ?
???
?
? ?
?
???
?? ?
Figure 2: Possible local structures of orbits in Xa.
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The rest of the argument depends on the parity of n. Suppose first that n is even. Since
in this case orbits of type 1 and type 2 are of the same parity, the number of orbits of type
1 is even by (4.2). Consequently, the number of orbits of type 3 adjacent to some orbit of
length 2 is therefore also even. To see that the total number of all orbits of 〈a〉 is even, it
suffices to show that the number of orbits of type 3 which are only adjacent to orbits of
type 3 is even, too. We do this by modifying the quotient graphXa with the removal of all
orbits of length 2, and edges incident with them. We obtain a graph which is a subdivision
of a cubic graph. Such a graph must have an even number of vertices of valency 3 meaning
that the number of orbits of type 3 not adjacent to orbits of length 2 was even to start with.
In summary, the number of orbits for each of the three types is even. It follows that a is
an even automorphism.
Suppose now that n is odd. Then there is an odd number of orbits of type 1, and hence
also an odd number of orbits of type 3 adjacent to these orbits. Recall that by (4.2) we
have an even number of orbits of type 2, and consequently an even number of orbits of
type 3 as their neighbors. As in the case n even, we remove all orbits of length 2 (an odd
number of orbits) from Xa. We obtain a graph which is a subdivision of a cubic graph
in which there is an odd number of vertices of valency 2 and an even number of vertices
of valency 3. Therefore 〈a〉 has an odd number of orbits of length 2 and an odd number
of orbits of length 4, in total an even number of orbits. This implies that a is an even
automorphism, completing the proof of Proposition 4.2.
The next proposition shows that odd automorphisms exist in cubic symmetric graphs
of type {42} if and only if the order of the graph is congruent to 2 modulo 4.
Proposition 4.3. Let X be a cubic symmetric graph of order 2n and of type {42}. Then
X has odd automorphisms if and only if n is odd.
Proof. As in the proof of Proposition 4.2 we note that, by Proposition 2.1,
X is of girth greater than 9. (4.3)
For the same reasons as in the proof of Proposition 4.2 we may assume thatX is bipartite.
By (2.6) Aut(X) is generated by an element h of order 3, an edge-flipping automorphism
a of order 4, and three conjugate involutions p, q, and r (of which p is a square of a).
Clearly Proposition 4.3 will be proved provided we show that a is an odd automorphism
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if and only if n is odd. For this purpose we now count the orbits of 〈a〉. In doing so we
use an approach analogous to that used in the proof of Proposition 4.2.
The orbits of 〈a〉 are of three types: orbits of length 2with an inner edge (type 1), orbits
of length 2 without inner edges (type 2), and orbits of length 4 (type 3). The latter have
no inner edges as an edge would either give rise to a 4-cycle in X (which is impossible
by (4.3)) or would give rise to an edge flipped by the involution a2, contradicting non-
existence of edge-flipping involutions in cubic symmetric graphs of type {42}. As in the
proof of Proposition 4.2 we observe that the numbers of orbits of type 1 and type 2 are of
the same parity when the bipartition sets are of even cardinality (that is, for n even), and
are of different parity when the bipartition sets are of odd cardinality (that is, for n odd).
Let us now analyze the quotient graph Xa of X with respect to the set of orbits of 〈a〉
and the possible adjacencies between the orbits of the three types. First we show that an
orbit of type 1 must be adjacent to two orbits of type 2. It certainly cannot be adjacent
to an orbit of type 3, for otherwise the involution a2 would have an I-tree as a rigid cell,
contradicting Proposition 3.4. Further, an orbit of type 1 cannot be adjacent to another
orbit of type 1, for this would give rise to a cycle of length 4 in X , contradicting (4.3).
Hence, an orbit of type 1 is adjacent to two orbits of type 2. The remaining two neighbors
in Xa of these two orbits of type 2 must be orbits of type 3. Namely, if one of these
remaining neighbors was an orbit of type 2 then a2 would fix a path of length 4 in X ,
which is clearly not possible in a 4-regular graph.
Consider now orbits of type 2. If such an orbit is adjacent to three orbits of type 2 and
if each of these three orbits has an orbit of type 3 as a neighbor then a2 has the Y -tree for
a rigid cell, contradicting Proposition 3.4. Therefore at least one of these three orbits is
adjacent to two additional orbits of length 2 (which must be of type 2, of course). In fact,
precisely one of these three orbits has such neighbors, as otherwise a2 would fix a path of
length 4 inX , contradicting 4-regularity ofX . These six orbits of type 2 give rise to anH-
tree in Xa. The remaining neighbors of the four vertices of valency 1 in this H-tree must
all be orbits of type 3, for otherwise a2 would fix a path of length greater than or equal to
4. It follows that there are only two possible local adjacency structures of orbits of length
2 in Xa – those shown in Figure 3. Consequently, the number of adjacencies between
orbits of type 3 with orbits of type 2 is even (and there are no adjacencies between orbits
of type 1 and orbits of type 3).
Consider now orbits of type 3. Recall that there are no edges inside an orbit of type 3.
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Figure 3: Possible local structures of orbits of length 2 in Xa.
Further, by (4.3), two adjacent orbits of type 3 must be joined by a single matching. We
can conclude that an orbit of type 3 is either adjacent to three orbits of type 3 in Xa or to
two orbits of type 3 and one orbit of type 2.
We will now modify the quotient graph Xa by removing all orbits of length 2, obtain-
ing thus a subdivision of a cubic graph. Of course the number of vertices of valency 3 in
this graph is even. Also, we know that the number of vertices of valency 2 (corresponding
to orbits of type 3 with one neighbor being an orbit of type 2) is even. Consequently, the
number of orbits of type 3 is even. Since we know that the number of orbits of length 2 is
even if and only if n is even, it follows that it is the parity of n that determines whether
the number of orbits of a is even or odd. Consequently, a is an odd permutation if and
only if n is odd.
Remark 4.4. There are no graphs of type {42} in Conder’s list of all cubic symmetric
graphs up to order 10.000 [7]. However, such graphs do exist [9]. Known examples in the
literature are of order 0 (mod 4). Marston D. E. Conder has kindly pointed out to us that
there exists a graph of order 5314410 = 21 ·312 ·51 ≡ 2 (mod 4). In particular, the group
G24 has a quotient Q of order 2
4 · 317 · 51 that is an extension of an elementary abelian
normal 3-subgroup of order 315 by M10 (the point stabilizer in the Mathieu group M11).
The group Q act 4-regularly on a cubic 5-arc-transitive graph Y (of order 430467210),
but it has two normal subgroups of order 34 that are interchanged under conjugation by an
element of the full automorphism group of Y (not lying in Q). Factoring out one of these
normal subgroups gives a quotient P of order 24 · 313 · 51 = 127545840, which is the full
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automorphism group of a cubic 4-regular graph of type {42} of order 127545840/24 =
5314410. This graph is a regular Z113 -cover of Tutte’s 8-cage F030A. By Proposition 4.3
it admits odd automorphisms.
The following proposition considers all remaining types of cubic s-regular graphs, s ≥
2, without (s−1)-regular subgroups in their automorphism groups. It shows, for example,
that amongst the graphs F110A, F182D and F506A, the three smallest examples of cubic
symmetric graphs of type {3}, only the graph F506A has no odd automorphisms. Namely,
all these three graphs are of order 2 (mod 4), but F506A is not bipartite whereas the other
two graphs are bipartite.
Proposition 4.5. Let X be a cubic symmetric graph of order 2n admitting an s-regular
subgroup G ≤ Aut(X), which is an epimorphic image of a group different from G22 and
G24, with no (s − 1)-regular subgroup, where s ≥ 2. Then there exists an odd automor-
phism of X in G if and only if n is odd and X is bipartite.
Proof. Assume that there exists an odd automorphism of X in G. Then there exists a
subgroup K ≤ G of index 2 consisting of even automorphisms. Since an element of
order 3 from Gv lies in K and there is no (s− 1)-regular subgroup of G we can conclude
that K is intransitive with two orbits on V (X), forcing X to be bipartite. Moreover, odd
automorphisms in G are precisely those automorphisms that interchange the bipartition
sets X . Since G is not an epimorphic image of either G22 or G
2
4 there exists an involution
a ∈ G \K flipping an edge in X . This involution a is clearly semiregular, and thus it is
odd if and only if n is odd.
Conversely, if X is bipartite and n is odd then we can reverse the argument of the
paragraph above to conclude that the involution a flipping an edge is an odd automor-
phism.
In what follows, Propositions 4.6 and 4.8 combined together lay the ground for the
proof of Theorem 1.3 for cubic symmetric graphs of type {1, 21}, while Proposition 4.7
recalls a group-theoretic result needed in the proof of Proposition 4.8.
Proposition 4.6. Let X be a cubic symmetric graph of order 2n, where n is odd, and of
type {1, 21}. Then X has odd automorphisms.
Proof. Since X is of type {1, 21} there exists a 1-regular subgroup K of Aut(X). By
Proposition 4.1, K contains odd automorphisms, and the result follows.
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Given a group G and a subset S ⊆ G we let NG(S) and CG(S) be the normalizer
and the centralizer of S in G, respectively. Recall that in a transitive permutation group G
acting on a set V , the number of points left fixed by Gv ≤ G, v ∈ V , is equal to the index
|NG(Gv) : Gv| of Gv in its normalizer NG(Gv) (see, for example, [33, Theorem 3.5]).
Proposition 4.8 gives the answer to the question about existence of odd automor-
phisms in graphs of order 0 (mod 4) which admit an epimorphic image of G12 as a 2-
regular subgroup in their automorphism groups. In the proof of this proposition we will
use the following Janko’s result (which can be extracted from [25, Theorem 1.1]) about
finite 2-groups having a small centralizer of an involution.
Proposition 4.7. Let G be a finite non-abelian 2-group containing an involution t such
that the centralizer CG(t) is of the form 〈t〉 × C, where C is a cyclic group of order 2.
Then either G is a dihedral group of order 2n, n ≥ 3, or G is a quasi-dihedral group
QD2n of order 2n, n ≥ 4.
Given integers m ≥ 1 and n ≥ 2, a group of automorphisms of a graph is called
(m,n)-semiregular if it has m orbits of length n and no other orbit, and the action is
regular on each orbit. An m-Cayley graph X on a group H is a graph admitting an
(m,n)-semiregular subgroup of automorphisms isomorphic to H .
Proposition 4.8. Let X be a cubic symmetric graph of order 2km, where k ≥ 2 and
m ≥ 1 is odd (thus, X is of order 0 (mod 4)), with a 2-regular subgroup G ≤ Aut(X),
which is an epimorphic image of G12. Then G contains an odd automorphism if and only
if X is non-bipartite, of type {1, 21} an m-Cayley graph on a cyclic group of order 2k.
Proof. Observe that with the assumption on k and m, clearly an m-Cayley graph on a
cyclic group of order 2k admits odd automorphisms: such an automorphism is a generator
of the cyclic group of order 2k.
To complete the proof of Proposition 4.8 assume that X has an odd automorphism
in G. Since G is 2-regular we have |G| = 3 · 2k+1m. By (2.2), G is generated by an
element of order 3, which cannot be an odd automorphism, and by two involutions a and
p. Therefore X has an odd automorphism in G if and only if at least one of these two
involutions is an odd automorphism. Since X is of order 0 (mod 4), an involution is odd
if and only if it fixes an odd number of pairs of adjacent vertices. Hence, let t ∈ G be
an odd involution. Then |NG(〈t〉) : 〈t〉| = |CG(t) : 〈t〉| = 2m′, where m′ ≥ 1 is odd,
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implying that |CG(t)| = 4m′. Let P be a Sylow 2-subgroup of G containing t. Note that
|P | = 2k+1 ≥ 8. Since t ∈ CP (t) ≤ CG(t) is an involution it cannot be odd inside
a cyclic subgroup of order 4. It follows that CP (t) ∼= 〈t〉 × Z2. If P is abelian then
P ≤ CG(t), implying that P = CP (t) ∼= 〈t〉 × Z2, and thus |P | = 4, contradicting the
assumption that |P | = 2k+1 ≥ 8. Therefore, P is non-abelian, and so Proposition 4.7
implies that P contains a cyclic subgroup C of order 2k. Since CP (t) is isomorphic to
Z2 × Z2 it follows that t ∈ P \ C. In particular, since t ∈ P ∩ Gv , v ∈ V (X) and
|Gv| = 6, a generator of C is semiregular on V (X). It follows that X is an m-Cayley
graph on C.
To complete the proof we need to show that the existence of odd automorphisms in X
implies that X is a non-bipartite graph of type {1, 21}. Suppose on the contrary that X
is bipartite. Then the odd involution t ∈ G, which is contained in some vertex stabilizer,
fixes the two bipartition sets ofX . Therefore any orbit of 〈t〉 is contained in one of the two
bipartition sets. Further, Fix(t) splits equally into the two bipartition sets. Namely, every
vertex fixed by t in one bipartition set has a neighbor in the other bipartition set which
is also fixed by t. In view of the fact that the two bipartition sets are of equal cardinality,
this implies that the two bipartition sets contain the same number of orbits of 〈t〉 of length
2 also, implying that the total number of orbits of length 2 is even, contradicting the fact
that t is an odd automorphism. Therefore X is non-bipartite. Finally, Proposition 4.5 and
the fact that graphs of types {1, 21, 22, 3} and {21, 22, 3} are all bipartite (see Table 3)
combined together imply that X is of type {1, 21}.
The next proposition deals with graphs of types {21, 3}, {22, 3}, {21, 22, 3} and
{1, 21, 22, 3}.
Proposition 4.9. Let X be a cubic symmetric 3-regular graph of order 2n admitting a
2-regular subgroup K in its full automorphism group Aut(X). Then X has odd automor-
phisms if and only if n is odd.
Proof. By Proposition 3.3 there exists an involution σ ∈ Aut(X) \K with all of its rigid
cells isomorphic to the Y -tree. Therefore the number of fixed vertices of σ is divisible by
4. Consequently, σ is an odd permutation if and only if n is odd.
To complete the proof let us assume that n is even, and suppose, by contradiction, that
X contains odd automorphisms. Suppose first that X contains an odd automorphism in
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Aut(X)v , v ∈ V (X). This implies that Aut(X)v \ Kv consists of odd automorphisms
and that Kv consists of even automorphisms. But this contradicts the above statement
about involutions in vertex stabilizers being odd if and only if n is odd. Consequently,
odd automorphisms of X can possibly only exist outside vertex stabilizers. Let H be
the index 2 subgroup of Aut(X) consisting of even automorphisms only. But note that
the whole of Aut(X)v is contained in H , and so H is an index 2 intransitive subgroup
of Aut(X), forcing X to be bipartite. Furthermore, all automorphisms interchanging the
two bipartition sets are odd permutations. By (2.4), there exists an involution a ∈ Aut(X)
flipping an edge of X and thus interchanging the bipartition sets. It follows that a has n
orbits of length 2 (and no fixed vertices), and so is an even permutation, a contradiction.
The last proposition in the series solves the problem of existence of odd automor-
phisms in cubic symmetric graphs of types {41, 5}, {42, 5}, {41, 42, 5} and {1, 41, 42, 5}.
Since cubic symmetric graphs of types {41, 5} and {42, 5} are never bipartite (see Ta-
ble 3), Proposition 4.10 implies that none of these graphs admits odd automorphisms. An
example of a graph of type {42, 5} is the graph F234B, the only cubic 5-regular vertex-
primitive graph [33]. On the other hand, since cubic symmetric graphs of types {41, 42, 5}
and {1, 41, 42, 5} are always bipartite (see Table 3) Proposition 4.10 implies that graphs
of these two types admit odd automorphisms if and only if they are of order twice an odd
number.
Proposition 4.10. Let X be a cubic symmetric 5-regular graph of order 2n admitting a
4-regular subgroup K in its full automorphism group Aut(X). Then X has odd automor-
phisms if and only if X is bipartite and n is odd.
Proof. Suppose first that X is bipartite and n is odd. Then the edge-flipping involution
a ∈ Aut(X), which exists by (2.7), is semiregular with n orbits of length 2, and thus an
odd automorphism.
In the proof of the converse statement the following two claims will be needed.
CLAIM 1. There exists a 4-regular subgroupM of Aut(X) such that every element ofMv ,
v ∈ V (X), is an even automorphism.
Since X contains odd automorphisms there exists an index 2 subgroup of even automor-
phisms, which is either arc-transitive and hence an epimorphic image of G14 or G
2
4 (in
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which case the claim is clearly true) or it is intransitive. If the latter occurs then the whole
of Aut(X)v , v ∈ V (X), consists of even automorphisms, and hence also the whole of
Mv consists of even automorphisms. This proves the above claim.
CLAIM 2. The stabilizer Aut(X)v , v ∈ V (X), consists of even automorphisms.
By Proposition 3.5, for every vertex v ∈ V (X) there exists a unique canonical involution
σ = σv for v (withA(v) as its rigid cell). Note also that, by [11, Lemma 1], σv is a central
element of Aut(X)v ∼= S4 × Z2. Let v = w0, w1, . . . , wm−1 be those vertices of X for
which A(wi), i ∈ Zm, are all σ-rigid cells.
Consider the orbits of 〈σ〉. Orbits of 〈σ〉 are of length 1 and 2. Exactly 10m orbits of
〈σ〉 are of length 1 (each σ-rigid cell gives 10 such orbits). Orbits of 〈σ〉 of length 2 are of
two types: those with an inner edge (we refer to them as orbits of type 1) and those with
no inner edge (we refer to them as orbits of type 2). Let j be the number of orbits of 〈σ〉
of type 1 and j′ be the number of orbits of 〈σ〉 of type 2. Then
|V (X)| = 2j′ + 2j + 10m = 2n. (4.4)
Let us now consider the quotient graph Xσ of X with respect to the set of orbits of 〈σ〉.
Let us modify the quotient graph Xσ with the removal of all orbits of length 1, and orbits
of type 1 adjacent to these orbits (note that there are 6m such orbits as orbits of length 1
form an A-tree). We obtain a graph which is a subdivision of a cubic graph. Such a graph
must have an even number of vertices of valency 3, meaning that j′ − 6m, and thus also
j′, is an even number.
Suppose first that j = 0. Then, by (4.4), m and n are of the same parity, implying that
σ has an even number of orbits of length 2, and is thus an even automorphism. Since, by
(2.7), all involutions p = σ, q, r and s in a generating set of Aut(X) are conjugate, we
may conclude that Aut(X)v , v ∈ V (X), consists of even automorphisms as claimed. We
may therefore assume that j 6= 0. (Note that in this case X is non-bipartite in view of the
fact that there exist both a vertex fixed by σ and an edge flipped by σ. By Table 3, X is
either of type {42, 5} or of type {41, 5}.) By (4.4) it suffices to show that j is even.
LetR be the set of j edges flipped by σ. Since σ is the central element in Aut(X)v ∼=
S4 × Z2, one can easily see that Rγ = R for each γ ∈ Aut(X)v . Since |Aut(X)v| =
48 = 3 · 24 the length of every orbit of Aut(X)v on R is a divisor of 48. Further, since
the stabilizer of an edge in X is a 2-group, the element of order 3 in Aut(X)v cannot fix
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an edge in R, and so the length of every orbit of Aut(X)v on R is divisible by 3. In fact
the lengths of orbits of Aut(X)v on R are divisible by 6. Suppose on the contrary that
there exists an orbit of Aut(X)v on R of length 3. Then the intersection J of the edge
stabilizer Aut(X)e, e = uu′ with Aut(X)v is a Sylow 2-group of Aut(X)v , and thus
isomorphic toD8×Z2. Since σ flips the edge e = uu′, it follows that half of the elements
of J fix {u, u′} point-wise whereas the other half interchange u and u′. Note however
that the edge-stabilizer in a 5-regular cubic graph is isomorphic to (D8 × Z2) o Z2 ∼=
〈z, x, y | z8 = x2 = y2 = 1, xzx = z−1, yzy = z5〉 and has 7 subgroups of order 16.
Amongst these 7 subgroups only the stabilizer of the arc (u, u′) is isomorphic toD8×Z2,
a contradiction. It follows that the length of every orbit of Aut(X)v on R is divisible by
6. We conclude that R is of even cardinality, that is, j is even. It follows by (4.4) that m
and n are of the same parity, and consequently σ has an even number of orbits of length 2,
and is therefore an even automorphism. Since, by (2.7), all involutions p = σ, q, r and s
in a generating set of Aut(X) are conjugate, we may conclude that Aut(X)v , v ∈ V (X),
consists of even automorphisms as claimed. This completes the proof of Claim 2.
We are now ready to prove that the existence of odd automorphisms in X implies that
X is bipartite of order 2 (mod 4). So let us assume that there exists an odd automorphism
in Aut(X). In view of Claim 2 vertex stabilizers consist of even automorphisms, and so
Aut(X) contains an intransitive subgroup of index 2 consisting of even automorphisms,
forcingX to be bipartite. In addition, all automorphisms interchanging the two bipartition
sets are odd. In particular, the edge-flipping involution a ∈ Aut(X), which exists by (2.7),
is odd. It follows that the bipartition sets are of odd cardinality, that is, n is odd. This
completes the proof of Proposition 4.10.
The results contained in Propositions 4.1 – 4.6 and 4.8 – 4.10 now establish the proof
of Theorem 1.3.
PROOF OF THEOREM 1.3. LetX be a cubic symmetric graph. ThenX is of one of 17 pos-
sible types (see Subsection 2.2). Part (i) of Theorem 1.3 follows from Proposition 4.1 for
graphs of type {1}, from Proposition 4.3 for graphs of type {42}, from Proposition 4.9 for
graphs of types {1, 21, 22, 3}, {21, 22, 3}, {21, 3} and {22, 3}, and from Proposition 4.10
for graphs of types {1, 41, 42, 5} and {41, 42, 5}. Since every cubic symmetric graph of
type {1, 41} is bipartite (see Table 3), part (i) of Theorem 1.3 for graphs of type {1, 41}
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follows from Proposition 4.5.
Part (ii) of Theorem 1.3 follows from Proposition 4.5.
Part (iii) of Theorem 1.3 follows from Propositions 4.6 and 4.8.
Finally, part (iv) of Theorem 1.3 follows from Proposition 4.2 for graphs of type {22},
and from Proposition 4.10 for graphs of types {41, 5} and {42, 5} (since none of graphs
of types {41, 5} and {42, 5} is bipartite).
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